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Power series 2025

One motivation is for application in

numeric differentiation and find

approximate solutions to differential

equations

Overview
1 Motivating Problem
2 Taylor's Theorem
3 Foward Difference Method

4 Backward Differener Method
5 Polynomial approximation interpolation



1 Motivating Problem

we are given a function g aib IR
and ask to find a function f a 3 IR

f f g
whee f a C initial condition

This is an example of a first order
non linear Ordinary differential equation

We don't know what values f take

only f a C

Ideas Find do an a b

and for fn ER using methods below

where fix fi

Use polynomial interpolation to to find

a polynomial that approximates f



2 Taylor's Theorem

than Taylor's Expansion

If f also IR a net times

differentiable function to as fixed

then

fix a so Rna where

the error term is

Rn 2 ftp.f 209 x x

when 212 E 9,53 α deped a 2



3 Foward Difference Method

We make the assertion that our solution

f is at least 4time's diffentiable

Then by Taylor's expansion at to ECais

f c fixo f ko 2 70 f cxo x x

f f 710 x 70 R3 x Keecaps

where Ram ff a x some

x E 9,53

Now fix ochal and replace Ditterena

Do with 7C between

2 with xth toward

backward

Then turns into

flath f a f x h f a n If a m

11444



flat f x h f a n If d m

01h4

Now solve for f x 470

flu f t
If a h f f cah 0143

h
ve

Since we want ochal and we want

h OT h is the dominati term in

So it becoms Och

Heru

f x
fixth flat

och
h

Here we start discritizing

IT in 1
a Koth Kotch b



Divide aib into a partision
of intends of length h is

Xp to k h

Observe that Kk th to then Kkel

Then consider

fix faith flog och
h

flager f xi
014

found 4

Fj
h

Remember that we don't know what

f xj is Were fj's just a number

to use in iteration

But we do know wht flko f

Recall we want to solve

flag fix g a



11 fix go

Algorithm

Slept Solve fi in

fi fo go

fi to thfo g ro

fi gacoltf.mg
EttYoat

Steps Solve fr in

fz f 2174

fr gualtfithfctfht.tt

Continue recursively computing unital
we are left with net distinct points
Exo kn and Efo fu



Now apply polynomial interpolation to
find a polynomial sit

plai fi

This is our approximate solution
to f f g

Comments

Only stable for h very small
2 e conditionally stable

Backward difference method

gets used more back its

unconditionally stable



4 Backward Differener Method

We make the assertion that our solution

f is at least 4time's diffentiable

Then by Taylor's expansion at to ECais

f c fixo f ko 2 70 f cxo x x

f f 710 x 70 R3 x xEca s

where Ras 11112 76 some

x E 9,53

Now fix ochal and replace
Do with x

x with x h

Then using Taylor's expansion

fix h fix flash 11h2 Il h
0 44



Solve for f x just like before och

f x fix h f
12h 42 0143h

fix h fol
o n

h

Again discritize and take a mesh

Here we start discritizing

9 is it 1 if
a Koth Kotch b

Divide aib into a partision
of intends of length h is

Ck to k h

Observe that Kk h to Kh n 2k 1

Thus



f xj f xj flaj h och
h

f kj f175 1 och
h

f This why its backwal

fi och
h

Now let's find an approximate solution
to

f ftp gag

where fla c and the function
g is given

Algorithm
Non liner

Steph Solve fi inf sin variables
are squared

f fit g to
h

Were we need to solve a non linear

equation as compared to the found
difference method



Indeed we need to solve

halx o where

h x
to

x 9170
h

That is apply a fixed point
method such as newton

hix tx x

So find a fixed point

for ñ x x to
x x 9170

h

The solution to this fixed point
problem we call fi

Sep 2 Solve fz in

f f 914

Here we need to solve a non linear

equation as compared to the found
difference method



Again solve the fixed point problem

hz x 0 when

hack
n

x gu
Continue recursively computing unital
we are left with net distinct points
Exo kn and Efo fu

Now apply polynomial interpolation to
find a polynomial sit

plai fi

This is our approximate solution
to f f g



5 Polynomial approximation interpolation

Problem Given distinct numbers net

7,24 In E arb and numbers

Yo Yn can we find a interpolating

polynomial p of degree at most a

sit
plki yi for all 5 0,1 in

We are thinking there is some function f 9ib3 R

in the background that we don't know

but we know what it does on 70 Xn
and it sends it to fixi yi

We want to approximate this f

Can we find such a polynomial

If so how



Different types

of polynomials to
use

TBC


